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Effect of Thickness on the Unsteady Aerodynamics of Closely
Coupled Oscillating Airfoils

K. Rokhsaz,* B. P. Selberg,t and W. EversmanJ
University of Missouri-Rolla, Rolla, Missouri 65401

A vortex panel method is presented for the solution of incompressible unsteady aerodynamic problems for
airfoils with finite thickness. The accuracy and robustness of the method is demonstrated through comparisons
with the existing numerical data and independent test cases. Also, through numerous examples, the flexibility of
this method in handling different types of trailing-edge shapes and multiple interfering geometries is shown.
Furthermore, the method is used to analyze the effects of airfoil thickness on aerodynamic coefficients of
multielement or multiple airfoils. It is shown that, although the influence of thickness is negligible for single
element airfoils, it can be profound for closely coupled airfoils and slotted flaps.

Nomenclature
C = reference chord length
C/a = lift coefficient per angle of attack
Cmoi = pitching moment coefficient per angle of attack
Cp = pressure coefficient
D = decalage angle
es = unit vector parallel to the surface
G = nondimensional gap
h = displacement in plunge
n = unit vector normal to the surface
p = pressure
r = radius vector
5 = hypersurface defining the airfoil
S = nondimensional stagger
s = coordinate parallel to the surface or the wake
t = time
V = velocity
a = angle of attack
a = steady-state angle of attack
oiQ = amplitude of the unsteady angle of attack
7 = local unsteady vorticity
7 = amplitude of local vorticity
A = difference between upper and lower sides
V = gradient operator
V2 = Laplacian operator
B = potential of a unit vortex
£ = coordinate tangent to the wake
p = air density
$ = total velocity potential
</> = perturbation velocity potential
\l/ = amplitude of unsteady perturbation potential
co = circular frequency
co = reduced frequency, = C(Jo/2V00 (k in aeroelasticity)
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Subscripts
i = amplitude of the unsteady components
51 = steady-state components
u = unsteady components
oo = freestream quantities

I. Introduction

A IRFOILS undergoing oscillatory motion can demon-
strate aerodynamic characteristics that are substantially

different from their steady-state behavior. The most profound
of these is the phase difference between the motion and the
generation of aerodynamic forces and moments. Accurate
prediction of these forces and their phase angles is of major
importance in flutter analysis where airfoils are assumed to
move harmonically with very small amplitudes. Steady-state
aerodynamic behavior of closely coupled airfoils in two-di-
mensional incompressible flow was studied by the authors in
Refs. 1 and 2. It was demonstrated that, although the influ-
ence of thickness is not very critical in the case of a single
airfoil, it can be profound for closely coupled lifting surfaces.
The same behavior is expected to be present for harmonically
oscillating airfoils. However, the prediction method for the
influence of thickness on oscillating coupled airfoils does not
exist. The thin airfoil formulations, which are computation-
ally fast, do not account for the effects of thickness, camber,
and nonzero mean incidence angles. On the other hand, the
current methods capable of doing so appear to be more of a
novelty in nature because of their inapplicability. They either
require exorbitant amounts of computation time or they in-
clude unacceptable numerical instabilities. Both of these char-
acteristics exclude the use of these methods for flutter analysis
where multiple solutions have to be performed accurately and
rapidly over a wide range of frequencies. Considering these
limitations, in order to study the effect of thickness on the
flutter speed of closely coupled airfoils, a fast and robust
solution method is developed. It is the intention of this paper
to demonstrate such a technique and its application to inter-
fering airfoils. Furthermore, it is intended to demonstrate the
effects of thickness on the aerodynamic characteristics of
closely coupled airfoils.

Analytical solutions for determining the lift and pitching
moment coefficients of a harmonically oscillating airfoil date
back to that of Theodorsen.3 His formulation of the problem
resembles the thin airfoil theory used in steady-state aerody-
namics. The airfoil is replaced by a flat plate at zero mean
incidence angle with respect to the upstream flow. Effects of
camber, thickness, and nonzero angles of attack are totally
ignored in this formulation. The wake is assumed to be a flat
vortex sheet with uniform steady-state velocity equal to that of
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the upstream flow. Although this method is applicable to
single airfoil cases only, it can accommodate a plain flap
through the proper application of the boundary conditions.
Like all thin airfoil formulations, this technique results in the
difference between the pressures over the upper and lower
surfaces of the airfoil.

The first analytical technique that included the effects of
thickness was developed by Hewsone-Browne.4 A similar for-
mulation of the problem was also presented by van de Vooren
and van de Vel.5 These approaches make extensive use of
conformal mapping and are only applicable to special classes
of airfoils that lend themselves to simple transformations. In
both previous investigations, a single symmetric airfoil is
placed at zero mean incidence angle and is conformally
mapped into a circle. The wake is assumed to be a flat vortex
sheet emanating from the trailing edge. However, unlike in
Ref. 3, the exact steady-state velocity distribution is used over
the wake. For these analytical solutions to become mathemat-
ically feasible, the airfoil shape must be transformed into a
circle in a simple single-step operation. Although the methods
of Refs. 4 and 5 result in the exact pressure distribution, they
cannot accommodate flaps, camber, general airfoil shapes, or
nonzero mean incidence angles. Furthermore, considering the
complexity of transformation of multiple airfoils into circles,
these approaches appear to be totally inapplicable to interfer-
ing lifting surfaces.

Numerical methods used to determine the aerodynamic co-
efficients of oscillating airfoils are 1) finite difference methods
and 2) surface singularity techniques. Finite difference solu-
tions have the advantage of accommodating nonlinearities
very easily. In these methods, the problem is formulated in
terms of disturbance velocity potential. The governing equa-
tions are simply discretized, replacing derivatives by difference
forms regardless of the nature of nonlinearities. The resultant
algebraic equations are solved using any of a number of itera-
tive techniques. However, interference of the wake surface
with the grid system can pose a rather formidable numerical
problem. In order to alleviate these problems, adaptive mesh
generation has to be employed at the cost of regenerating the
entire grid system for each iteration cycle. Furthermore, since
the problem is formulated in terms of the disturbance velocity
potential, the grid system has to extend far enough into the
solution domain for this variable to vanish. At the same time,
in order to achieve an accurate pressure distribution, a very
large number of points must be employed on the surface of the
airfoil. Finite difference techniques thus require very large
amounts of computer storage and/or computation time,
which can be a very strong drawback to their use for flutter
analysis where multiple solutions over a wide range of fre-
quencies are required.

The second group of numerical techniques called surface
singularity (boundary element) methods are based on either an
acceleration potential or a velocity potential formulation. Us-
ing the acceleration potential, the problem is formulated in
terms of the difference in pressures of the lower and the upper
surfaces through Euler's equation of motion. The resulting
integral equation spans over the leading-edge stagnation
streamline as well as over the airfoil. However, the integral
equation vanishes on the wake in accordance with the Kutta
condition. This approach was first introduced .by Possio6 for
the fully linearized compressible subsonic problem. Grzedzin-
ski7 adopted this method for analyzing the interference prob-
lem in incompressible flow over biplanes. Both investigators
ignored the effect of thickness on the flowfield.

The first set of boundary element formulation including the
effects of thickness in the literature is due to Giesing, 8~10 who
used a velocity potential formulation. He introduced a nonlin-
ear as well as a linearized formulation. The airfoil is modeled
by source singularity panels with linearly varying strength and
a constant strength vortex panel. Giesing's methods resemble
that of Hess11 who considered the steady-state problem. In the
nonlinear form, the wake is modeled by a collection of discrete

vortices convected downstream of the trailing edge over small
increments of time. The linearized formulation of the problem
is derived from the nonlinear formulation. In this case, the
governing matrices are expanded in series with their higher
order terms neglected. Both techniques suffer from strong
numerical instabilities, especially for airfoils with cusped trail-
ing edges, as discussed by Hess.12 Furthermore, the nonlinear
solution requires exorbitant amounts of computation time for
harmonically oscillating airfoils. Since these methods are
posed in terms of the velocity potential, they yield the actual
pressure distribution on the surfaces. Also, since surface sin-
gularity methods do not require a grid system surrounding the
airfoils, their application to multiple interfering airfoils is
quite simple.

Another surface singularity method has been proposed by
Hounjet.13 Although this method is used to solve the subsonic
flow problem, linearized in Mach number, it should be easily
applicable to incompressible flow cases as well. This method
employs doublet panels of piecewise continuous strength. A
similar approach is also employed by Morino.14 The weakness
of Morino's approach lies in the fact that, with doublet pan-
els, the distribution of the velocity potential over the surface
has the same interpolation order as that of the doublet
strength, as explained by Banerjee and Butter field.15 There-
fore, piecewise linear distribution of the velocity requires the
use of quadratic distribution of doublets. A linear distribution
of doublet strength over the surface results in discontinuities
in the velocity components at the node points, and, therefore,
numerical instabilities can occur with coarse grids. In three-di-
mensional cases, the pressure relief effect usually reduces the
magnitude of these instabilities. In two-dimensional cases, to
alleviate this problem, a very large number of panels must be
employed to represent the surface, which in turn increases the
required computation time.

II. Formulation
The detailed formulation of the flow equation and its asso-

ciated boundary conditions and constraints is presented in
Ref. 16. In the interest of brevity, the steady-state case is
omitted in the following.

A. Governing Equation
As demonstrated by Keuthe and Chow,17 expressing the

continuity equation in terms of the velocity potential for an
irrotational incompressible flow results in

V2$ = 0 (1)

Using the linearity of this equation, the velocity potential can
be expressed as the sum of three components:

none of which has to be small at this point. Here, 0oo is used
to generalize the equations for cases in which the freestream
velocity is not parallel to the chord line. This simplifies the
introduction of a nonzero mean angle of attack if it is so
desired. Substitution of Eq. (2) into Eq. (1), for the unsteady
component, results in

V20W - 0

B. Boundary Conditions
Boundary conditions related to Eq. (1) are

DS

(3)

(4)

(5)
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Introducing Eq. (2) into these equations, using Eq. (4) for
the unsteady part, results in

For the flow tangency condition, we let

S = Ss + Su

therefore

where

V=

(6)

(7)

(8)

(9)

Dividing Eq. (8) through by the magnitude of the gradient of
S

1
\VS\\dt (10)

Substituting Eq. (9) into Eq. (10) and separating the time-de-
pendent terms, the unsteady flow boundary condition be-
comes

+ V</>w • nu = 0

C. Pressure Coefficient
For the origin moving with constant speed

Bernoulli's equation

dt

(11)

from

(12)

Substituting for $ from Eq. (2) and rearranging the results,
the expression for the time-dependent part of the pressure
coefficient becomes

dt

D. Kutta Condition
At the trailing edge and over the wake surface, the differ-

ence in pressure between the upper and lower surfaces must
vanish. From Eq. (13), this implies for unsteady-state flow

. = !.. (14)

£. Harmonic Motion with Small Amplitude
Equations (3), (11), (13), and (14) are as general as possible.

These equations are valid for two- and three-dimensional
flows, for arbitrary motions of the wing or airfoil, and for
large perturbation velocity potentials. However, Eqs. (11),
(13), and (14) are nonlinear. Restricting the motion to har-
monic motion with small amplitude allows linearization of
these equations. We let

Su = nu =

where Q:O is the small amplitude of motion. Substituting these
into Eqs. (3), (1 1), (13), and (14) and ignoring the higher order
terms results in

(15)

IVSI

V2
' rr,

(16)

(17)

(18)

Since the wake is assumed to be the steady-state trailing-edge
streamline, we can define £ to be the coordinate parallel to the
wake and write Eq. (18) as

(19)

Differentiating with respect to £ and following the procedure
outlined in Ref. 5, this expression results in

(20)

Now, in accordance with the definition of the unsteady veloc-
ity potential, letting

(21)

and integrating from the trailing edge on along the wake,

where on the airfoil trailing edge

(22)

(23)

This expression gives the vorticity at any point along the wake
in terms of the vorticity at the trailing edge and the steady-
state velocity distribution along the wake, the latter quantity
being known from the steady-state solution.

10.0

8.0

THEODORSEN

VAN DE VOOREN

71 VORTEX PANELS

-2.0

-4.0

Fig. 1 Unsteady pressure distribution on the van de Vooren airfoil,
<o = 0.4, C/2 torsion.
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F. Discretization and Numerical Solution
The details of discretization and the numerical solution of

the steady and the unsteady flow equations are presented in
Ref. 16. However, a brief outline of the method will be pre-
sented here.

The formulation of the solution technique is in terms of the
velocity potential. However, the actual solution process is
carried out in terms of velocity. Since the flow equation is
linear in both steady and unsteady flows, their solutions can
be obtained using the superposition principle. Assuming that
the surfaces of the airfoil and the wake are represented by
continuous vortex sheets, the velocity potential at any field
point (jc,z) can be found from

(24)fi(s)0 ds - f2(s)d ds

where f\ (s) andf2(s) represent distribution of vorticity on the
airfoil and the wake surfaces, respectively. Cis the constant of
integration. Allowing (x,z) to be located on the surface and
differentiating with respect to the steady-state normal to the
surface

27r V </>(*,* • ns = - • ns) ds

(25)

For the steady-state flow, f2(s) is identically zero because no
vortices are shed into the wake, and the left side is known
from the flow tangency condition. Therefore, Eq. (25) forms
an integral equation with/!(s) as the unknown. This distribu-
tion can be found using the method of Ref. 18.

For the unsteady flow problem, the surfaces of the airfoil
and the wake are divided into a finite number of straight line
panels. A control point is placed at the center of each panel on
the surface. These control points are used to satisfy the flow
tangency condition. A vortex sheet with linear variation of
vorticity jj(s) is placed on each panel while maintaining conti-
nuity of vorticity between adjacent panels. This results in the
value of vorticity at every node being the unknown. As shown
in Ref. 19, this is equivalent to using quadratically distributed
doublets over each panel. Therefore, the velocity potential
varies quadratically between every two neighboring nodes.

10.0

LINEAR
GIESING

———— NON-LINEAR

O 57 VORTEX PANELS

0.2 0.4 0.6 0.8 1.0
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Fig. 2 Unsteady pressure distribution on a 25.5% Joukowski airfoil,
w-= ir/10, C/4 torsion.

7.0

6.0

5.0

Re(Ct)
4.0

3.0

THEODORSEN
NACA-OOOI
NACA-OOI2

0.0 0.2 0,4 _ 0.6 0.8 I.O
CO

6.0

4.0

2.0

lm(C t)

0.0

-2.0
0.0 0.2 0.4 0.6 0.8 I.O

Fig. 3 Effect of thickness on unsteady lift coefficient of a single
airfoil in pitch, C/4 torsion.

Assuming the airfoils are represented by TV panels, Eq. (25)
becomes

yj(s)ve-nsds

(26)
TE

The left side of this equation is known at every control point
from Eq. (16). On the right side, since yj(s) is assumed to be
linear, the unknowns are the vortex strengths at the endpoints
of the panels on the surface, the node points. In the wake
integral, y(s) is related to vorticity and velocity at the trailing-
edge corners through Eqs. (22) and (23). Therefore, applying
Eq. (26) to every panel will result in a set of linearly indepen-
dent equations for the unknown vortices at the nodes. The
integral of Eq. (22) can be performed using the simple trape-
zoidal rule. Near the trailing edge, where Vs(%) varies very
rapidly, step sizes of the order of 5% of the chord length have
to be taken. Past a distance of approximately 10 chord
lengths, the wake can be assumed flat with constant steady-
state velocity, equal to that of the freestream. In this region,
the integration step size can be increased to about 10% of the
vorticity wave length. For complete convergence, it was deter-
mined that the semi-infinite integral of Eq. (26) had to be
carried out to 150 chord lengths behind the trailing edge. Also,
this model of the wake results in a closed-form solution for the
total vorticity over that part of the wake. This total vorticity
has to be fixed in order to satisfy the Kelvin's theorem or

(27)y(s) ds + 1 7(5-) ds = const
airfoil J wake

For convenience, this constant can be set to zero.
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Fig. 4 Effect of thickness on unsteady lift coefficient of a single
airfoil in plunge.

Once the unsteady vortex strengths are determined, the
unsteady velocity distribution can be calculated from

(28)
TE

In order to find the unsteady velocity potential, the value of
this parameter is assumed to be zero on one side of the trailing
edge. Then a simple line integration of the velocity tangent to
the surface results in the value of the velocity potential, unique
to within a constant. For symmetric airfoils undergoing har-
monic motion about a zero mean incidence angle, this con-
stant can be determined from the pressure coefficient. In these
cases, the pressure is an odd function with respect to the chord
line. At the same time, from the Kutta condition, the differ-
ence between the upper and lower surface pressures must
vanish at the trailing edge. This leads to the conclusion that, in
such cases, the pressure coefficient itself must vanish at this
point and allow exact calculation of this parameter everywhere
over the surface.

III. Results and Discussion

A. Single Element Unsteady Solution
The first airfoil studied using this method was that of Ref.

5. Figure 1 shows the comparison of the pressure coefficient
predicted analytically with that calculated using the vortex
panel method. The airfoil is symmetric, approximately 14%
thick, and has a finite trailing-edge angle. As demonstrated in
this figure, excellent agreement between the two methods is
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Fig. 5 Effect of thickness on lift coefficient of two parallel airfoils,
stationary upper airfoil, plunging lower airfoil.
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Fig. 6 Pressure distribution on pitching upper airfoil of two 25.5%
thick Joukowski sections, stationary lower airfoil.
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present everywhere except in the real part near the leading
edge. The minor disagreements in this region are due to the
lack of a sufficient number of points. In this case, due to the
symmetry of the airfoil, the constant of integration for the
velocity potential could be explicitly evaluated, resulting in the
exact distribution of the pressure coefficient. Figure 2 shows
the same type of comparison for a 25.5% thick Joukowski
section, investigated in Refs. 8-10. The nonlinear data shown
in this figure were extracted from Ref. 8 and were obtained
using a time-marching technique. Again, there is excellent
agreement among the three sets of results. However, a total
absence of any oscillations in the pressure coefficient, as pre-
dicted by the vortex panel method, is clearly evident near the
trailing edge. This is due to the greater accuracy of this
method. The type of oscillation shown in this figure is quite
typical of that obtained from source panel methods for airfoils
with cusped trailing edges. In fact, in Refs. 8-10, the trailing-
edge shape had to be modified in order to minimize these
oscillations of the pressure coefficient. The 25.5% thick
Joukowski airfoil was also used as the subject of a conver-
gence test. The results for 49 panels differed from the results
for 199 panels by a maximum of only 7% in the imaginary
part of the lift coefficient.

Figures 3 and 4 show the effects of thickness on the lift
coefficients over a wide range of reduced frequencies. The
numerical results in these figures were all obtained with 71
vortex panels. Here, the trends are very much in agreement
with those of Ref. 4. Also, as the reduced frequency decreases,
the lift curve slope shown in Fig. 3 is seen to approach the
steady-state potential value. Using conformal mapping, as
shown in Ref. 20, these steady-state values are 6.33, 6.86, and
7.44 per rad for 1, 12, and 24% thick airfoils, respectively. In
these figures, vortex panel results are also presented for an
airfoil with a 1% thickness. The purpose of this exercise was
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Fig. 7 Pressure distribution on stationary lower airfoil of two
25.5% thick Joukowski sections, pitching upper airfoil.
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Fig. 8 Effect of thickness on lift coefficient of a NACA-23012 airfoil
with a 30% chord slotted flap.

twofold. In the first place, it was intended to demonstrate the
stability of the vortex panel method even for extremely small
values of this parameter. Numerical schemes based on source
panel techniques usually fail in such cases. Second, compari-
son of the aerodynamics coefficients for such an airfoil with
those of the linear theory shows the ultimate convergence of
the two methods as the thickness approaches zero. In addi-
tion, being assured of this fact, in considering multielement
cases where analytical results are no longer available, would
allow substitution of small thickness results instead.

B. Multielement Unsteady Solution
The lift coefficient predicted by the vortex panel method for

two coupled airfoils was also compared with the results of
Ref. 7. This comparison is shown in Fig. 5. In this case, two
airfoils are used with a gap of one chord length, zero stagger,
and zero decalage. Gap and stagger are defined as the vertical
and horizontal separations of the airfoils, respectively. Posi-
tive stagger is associated with the top airfoil leading the lower
airfoil, whereas gap is is defined to be always positive. De-
calage angle is the relative inclination of the two airfoils,
positive for the upper airfoil at a higher incidence angle than
the lower airfoil. Here, the upper airfoil was stationary while
the lower airfoil executed harmonic plunge. The solution in
Ref. 7 relied on acceleration potential formulation, and the
numerical scheme used there was considerably different. This
figure shows the excellent agreement between the two methods
for thickness ratio approaching zero. Also, it is quite evident
from this figure that increasing thickness ratio results in
stronger aerodynamic coupling between the airfoils. Logi-
cally, these effects were expected to magnify with increased
aerodynamic coupling in the presence of smaller gaps or slot-
ted flaps. These trends were in complete accordance with the
steady-state solutions. Similar trends were also present in the
values of the pitching moment coefficient except with slightly
larger magnitude. Application of the results to a four-degree-
of-freedom flutter model indicated flutter speeds of about
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Fig. 9 Effect of thickness on pitching moment coefficient of a
NACA-23012 airfoil with a 30% chord slotted flap.

lower for the 12% thick airfoils. The details of this
analysis including the development and the solution of the
equations of motion are presented in Ref. 16 and are beyond
the scope of the current discussion.

Figures 6 and 7 show the comparison of results for two
25.5% thick Joukowski sections, with gap and stagger of one
half chord length each. The lower airfoil was stationary with
the upper airfoil in harmonic torsion about its quarter chord
point. The linear solution was first presented in Ref. 8 and the
nonlinear case was published in Ref. 10. Although these refer-
ences contained the actual pressure coefficients, for the pur-
pose of comparison with vortex panel results, they were con-
verted to pressure differences. The good agreement among the
three methods is quite evident in these figures. Also noticeable
is the smooth pressure distribution near the trailing edges that
is predicted by the vortex panel method. However, large dis-
crepancies in the imaginary part of the pressure on the lower
airfoil are quite apparent. At this point, the exact cause is
unknown.

The final case considered here was that of a strongly cou-
pled slotted flap. For this purpose, a NACA-23012 airfoil was
fitted with a 30% chord slotted flap deflected to 20 deg and
translated back by 5% of the chord. The main body of the
airfoil was assumed stationary with the flap oscillating in
torsion about its leading edge. It is noteworthy that this case
cannot be modeled by any linear theory due to the large
difference in the incidence angles of the airfoil and its flap.
However, a model of the same geometry was constructed with
the maximum thickness ratio reduced from 12 to 1.2%. Since
the two models were identical in every respect, except for
thickness ratio, any differences in pressures and aerodynamic
forces had to be attributed to this parameter. The behavior of
the lift and pitching moment coefficients over a wide range of

frequencies is presented in Figs. 8 and 9. These figures show
differences as large as 36% in the real part and 65% in the
imaginary part of these parameters. These differences are
present over the entire range of the reduced frequency and are
certainly large enough to demonstrate the need for including
the effects of thickness in these calculations. No flutter analy-
sis was performed in this case, but based on the results ob-
tained for the first case, thickness would be expected to reduce
the flutter speed.

IV. Conclusions
Application of the vortex panel method was presented for

solution of incompressible unsteady aerodynamic problems
for lifting surfaces with finite thickness. The governing equa-
tion and the associated boundary conditions and constraints
were developed for general unsteady flow. The equations were
linearized for harmonic motion with small amplitude while
maintaining the first-order effects of thickness. Integral equa-
tions for the solution of the resulting system of equations were
presented. The accuracy and robustness of the method was
demonstrated through comparisons with the existing numeri-
cal data and independent test cases. Also, through numerous
examples, the flexibility of this method was shown in handling
different types of geometries.

The vortex panel method was used to study the effects of
airfoil thickness on aerodynamic coefficients of multielement
lifting systems. It was demonstrated that, for single element
airfoils, the effect of thickness is negligible and thin airfoil
theory can be used with very good accuracy. However, it was
shown that, for multiple lifting surfaces, thickness tends to
magnify the interference effects. This was shown to have a
profound effect on the aerodynamic coefficients vs those pre-
dicted by the thin airfoil theory. The difference in magnitudes
and the phase angles predicted by the two approaches was
shown to be large enough to warrant the inclusion of thickness
in flutter calculations.
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